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Abstract 
We study the finite-sample effects on returns standardized by the realized volatility constructed as a sum of squared 
intraday returns and analyze the normality of the standardized returns which is expected to appear from the mixture-
of-distributions hypothesis.  Using high-frequency data on the Tokyo Stock Exchange we extract the kurtosis of the 
standardized return by taking into account of the finite-sample effects and also determine the variance at the 
microstructure noise free limit. Our results suggest that the normality of the standardized returns on the Tokyo Stock 
Exchange is well recovered and thus the stock price dynamics is consistent with the mixture-of-distribution 
hypothesis.  
© 2012 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of JIBES University, 
Jakarta   
Keywords: Realized volatility; High-frequency data; Microstructure noise; Mixture-of-distributions hypothesis 
1. Introduction 
Statistical properties of asset returns have been extensively studied and it is well-known that the return 
distributions exhibit fat-tailed distributions which cannot originate from the random walk model with a 
constant volatility and also indicate that the usual central limit theorem does not apply to this case.  A 
possible explanation for this non-normality of the return distributions is proposed by Clark (1973), which 
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often called the Mixture-of-Distributions Hypothesis (MDH). In the MDH the asset price dynamics can be 
described by the Gaussian process with time-varying volatility. The unconditional return distribution from 
such price dynamics can deviate from the Gaussian distribution. Moreover Clark relates the origin of the 
volatility change with the trading volume which measures the speed of price change.   
The MDH can be checked by the returns standardized by the volatility which should show the 
normality under the MDH. The drawback of this check is that the volatility is latent in the markets and 
one cannot obtain it directly from market observables. However recent availability of high-frequency 
intraday return data overcomes this difficulty. Namely the so-called realized volatility (Andersen et al. 
1997, 2001a, 2001b) can be constructed as a sum of squared intraday returns and it is proved to be a 
consistent estimate of the integrated volatility under ideal circumstances. 
Using the realized volatility the standardized returns have been investigated for both stock and 
exchange rate returns (Andersen et al. 2000a, 2001a, 2001b) and it is confirmed that the standardized 
returns show normality, at least approximately. Further elaborate studies also confirm this (Andersen et al. 
2007, 2010). Recently the normality of the standardized returns on the Tokyo Stock Exchange was also 
investigated separately in the morning session (MS) and afternoon session (AS) because of the existence 
of lunch break in trading and it is argued that the normality of the standardized returns is recovered 
(Takaishi et al. 2012). However some kurtosis results are considerably smaller than 3, which is 
inconsistent with the normal distribution. This smaller kurtosis might be explained by taking into account 
of the finite-sample effects claimed by Peter & De Vilder (2006). The finite-sample effects dominate 
when the number of intraday observations used for the realized volatility calculations is small. For such 
case the standardized return distributions deviate from the standard normal distribution considerably. 
Although variance receives no finite-sample effect, kurtosis becomes smaller depending on the number of 
observations. Some empirical studies also document such finite-sample effects (Andersen et al. 2007, 
2010;  Fleming & Paye, 2011). 
In this study we calculate the standardized returns at various sampling frequencies and investigate the 
finite-sample effects on the standardized returns of the Tokyo Stock Exchange. Then taking into account 
of the finite-sample effects we try to extract the kurtosis at the infinite-sample limit by fitting the results to 
the appropriate fitting formula. Although the variance is not affected by the finite-sample effect the 
microstructure noise enters in the distortion of the variance. We also fit the variance data at various 
sampling frequencies to the fitting formula and obtain the variance at the microstructure noise bias free 
limit.  
2. Realized Volatility 
The realized volatility is a model-free estimate of volatility constructed as a sum of squared intraday 
returns (Andresen et al. 1997, 2001a, 2001b). Let us assume that the logarithmic price process lnp(s) 
follows the stochastic differential equation. 
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where W(s) stands for a standard Brownian motion and (s) is the spot volatility. Using (s) the 
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where is a sampling time interval and n is the number of observations given by n=h/ . Here note that 
high-frequency sampling corresponds to small sampling time interval. Without any bias it is proved that 
RVt goes to IVh for n .  However it is well-known that sampled intraday returns are contaminated by 
the microstructure noise and the realized volatility constructed from such intraday returns is largely 
affected at high-frequency sampling time.  Under the assumption that the microstructure noise is 
independent the intraday returns we observe in the markets are given by  
ttt rr
*
,                                                                                                                                           (4) 
where  t stands for  noise with mean 0 and variance 
2 (Zhou, 1996). With the microstructure noise 
the realized volatility is replaced by  
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Since t is assumed to be independent the bias in the realized volatility is given by 
n
i
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1
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 which gives  
2n . Thus RVt* diverges for n . Such divergent behaviour is actually observed in the markets and 
can be illustrated in the volatility signature plots (Andersen et al., 2000b).    
3. Standardized Return 
In the MDH, returns are described by rt= t t, where t is the volatility at time t and t is independent 
standard normal variables. Using the realized volatility as a proxy of t, the standardized return tr
~
 is 
given by 2/1/~ ttt RVrr . 
If 2/1tt RV strictly holds the distribution of r~ should be N(0,1). However this argument is only true 
if the number of intraday return observations used for the construction of the realized volatility is infinity. 
For a finite number of observations the standardized return distribution is proved to be given by (Peter & 
De Vilder, 2006)  
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This distribution converges to the standard normal distribution only for n .  The even moments of 
this distribution is also calculated to be 
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From Eq.(7) we find that variance is given by m2=1 and  kurtosis,  m4/(m2)2=3n/(n+2). Thus for the 
finite-sample standardized return it is clear that the kurtosis deviate from 3. If the number of observations 
is big enough this deviation might be small. Due to the lunch break in trading, however, the trading hours 
on the Tokyo Stock Exchange are divided into two sessions, (MS and AS) and thus the number of 
observations for the realized volatility construction in each session could be small. For instance for 5min 
sampling frequency, the number of observations is n=24(30) for MS (AS) and the kurtosis is calculated to 
be 2.77(2.81). The small kurtosis observed in Takaishi et al, (2012) where 5min sampling time is used 
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might be explained by this finite-sample effect. As seen later, actually we observe such finite-sample 
effect on the kurtosis of the realized volatility on the Tokyo Stock Exchange. 
4. Results on the Tokyo Stock Exchange 
4.1. Data 
Our analysis is based on the high-frequency price data of 5 stocks (1:Mitsubishi Co., 2:Nomura 
Holdings Inc., 3:Nippon Steel, 4:Panasonic Co. and 5:Sony Co.) traded on the Tokyo Stock Exchange. 
These stocks are listed in the Topix core 30 index which includes the 30 most liquid and highly market 
capitalized stocks. Our data set begins June 3, 2006 and ends December 30, 2009. These data are the 
same as the data analyzed in Takaishi et al. (2012). 
4.2.  Standardized Return in Two Trading Sessions 
We calculate the realized volatility in each trading session at various sampling frequencies from 1min 
to 40min. Fig.1 shows the standardized return distributions at 5min and 30min sampling time intervals in 
the MS together with the theoretical curves of Eq.(6). For 5(30) min the number of intraday return 
observations is n=24(4). The theoretical curve for 30 min is very different from the Gaussian distribution. 
On the other hand for 5min it comes close to the Gaussian one. It is also found that the empirical 
standardized return distributions are consistent with the theoretical results. 
Fig.2 shows the variance (left) and kurtosis (right) of the standardized returns for Mitsubishi Co. in the 
MS and AS as a function of sampling time interval . It is found that at small the variance is 
significantly small due to the microstructure noise and it reaches a plateau around 1 at low frequency. We 
find that the kurtosis decreases as increases. The decrease at low frequency is consistent with the finite-
sample effects. On the other we also find that at very high freuqncy the kurtosis increases rapidly as the 
sampling time interval decreases. By Fleming and Paye (2011) it is claimed that this increase is related to 
the microstructure noise.         
Fig. 1. Standardized return distributions: Theory and empirical results.  The red (blue) line shows the theoretical 
results for n=4 (24), where n is the number of observations. The green line shows the normal distribution. The square 
(circle) symbols show the empirical standardized return distributions obtained from 5 stocks in the MS for n=4 (24). 
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Fig. 2. Variance (left) and kurtosis (right) as a function of sampling time interval .  The results of Mitsubishi Co. are 
shown as a representative one. The black solid lines show the fitting results. 
Table 1. Variance and kurtosis from unnormalized and normalized returns.    
Mitsubishi Co. Nomura Co. Nippon St. Panasonic Co. Sony Co. 
Variance( 410 ) MS 2.50 2.46 2.31 1.61 1.80 
AS 1.93 1.80 2.22 1.21 1.54 
Kurtosis MS 5.06 4.77 6.01 5.60 4.73 
Unnormalized 
returns 
tr  
AS 17.1 8.91 24.5 11.4 17.3 
Variance MS 1.07 0.995 1.03 1.03 1.04 
AS 0.95 0.872 1.04 1.03 0.997 
Kurtosis MS 2.92 2.75 2.91 2.72 2.75 
Normalized 
returns 
2/1/ tt RVr  
AS 3.27 3.31 3.13 3.01 3.28 
In order to extract the variance and kurtosis we fit the results at various finite sampling frequencies to 
the corresponding fitting formula.  For the variance we use )/1/(2 A as a fitting formula where 2
and A are fitting parameters. The variance is given by the parameter 2  . The parameter A accounts for the 
microstructure noise bias.  For the kurtosis we use 
2/
21
B
k  where k and B are fitting parameters.  
The kurtosis is given by k.  Since at very high-frequency we find that the kurtosis inflates and deviates 
from the expected finite-sample formula  we only use the data from 5min to 40min sampling time 
intervals for fitting.  
The results of variance and kurtosis obtained by fitting are listed in Table 1 with the results of 
unnormalized returns. Both variance and kurtosis of the unnormalized returns are very far from the 
normality. On the other hand it is found that the variances at the noise free limit are very close to 1 as 
expected from the normality. It is also turned out that the kurtoses at the high-frequency limit come close 
to 3 although those in the MS (AS) give slightly smaller (bigger) values than 3. 
5. Conclusion 
We have studied the finite-sample effects on the standardized returns on the Tokyo Stock exchange 
and investigated the variance and kurtosis of standardized returns. We find that the variances obtained at 
the noise free limit come close to 1 and the kurtoses at the infinite-sample limit are near 3. Our results 
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suggest that the normality of the standardized returns is recovered and the MDH is appropriate for the 
stock price dynamics.  We also find the slight difference of the kurtosis between MS and AS which might 
indicate that there exists a different trading process in the two sessions. 
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